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Numerical Investigation of Acoustic Refraction
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The objective of our research project was to understand the physical mechanisms by which energy is exchanged
between the mean and acoustic flowfields in resonant combustion chambers (in particular, solid rocket motors);
specifically, vortex shedding and the so-called "flow turning" effect. This paper details efforts, to date, to develop
the computational capability to properly address such problems and reports progress made toward the understand-
ing of acoustic refraction. Acoustic-mean flow interactions are investigated via a solution of the time-dependent,
compressible Navier-Stokes equations. A comparison of explicit and implicit schemes demonstrate the superiority
of the implicit scheme for the present application. An extensive study is conducted to determine the current state
of the art in the modeling of nonreflective boundary conditions for low Mach number sheared flows. Results
obtained demonstrate that all models result in reflection of incident waves. Thus, it is decided to discontinue the
solution when the wavefront starts reflecting from the downstream boundary. Acoustic refraction study results
demonstrate the ability of the developed methodology to calculate refraction phenomenon and its dependence on
the direction of propagation, frequency, and Mach number. The interaction between the mean and the acoustic
flowfields inside the acoustic boundary layer is shown to result in the excitation of mean flow velocity at the edge
of the acoustic boundary layer, a phenomenon better known as Richardson's annular effect. Additional results
demonstrate the spatial and radial growth of pressure and axial velocity mean shifts, indicating mean flow
excitation by the acoustic flow. Finally, complex flow processes are shown to occur as the acoustic field at a given
axial location undergoes a sign change.

Introduction

T HIS paper is directed toward the understanding and
modeling of vortex shedding and flow turning, two of the

operative physical mechanisms responsible for energy ex-
change between the mean and acoustic flowfields in solid
rocket combustion chambers.

Pressure oscillations have caused significant operational
problems in several solid propellant rocket motors. Such oscil-
lations represent a condition of combustion instability. In
some cases, small amplitude oscillations indigenous to the
motor chamber (i.e., random noise produced by combustion
or turbulence) can be amplified by interaction with the burn-
ing solid propellant or by energy transfer from the mean gas
flow in the chamber. These oscillations can alter the thrust
time characteristics of the motor, affect the operation of
sensitive electronic equipment, and, in extreme cases, produce
significant mean pressure shifts that result in motor case
failure.

The growth or decay of random small-amplitude pressure
oscillations is determined by a delicate balance between the
driving and damping of oscillatory energy in the motor cham-
ber. The processes that dissipate acoustic energy include con-
vection and radiation of acoustic energy through the nozzle
(nozzle damping), the viscous and thermal losses produced by
interaction of the condensed phase combustion products with
the combustion gases (particle damping), the nonlinear
viscoelastic characteristics of the grain case (structural damp-
ing), viscous losses in the gas phase and at inert surfaces,
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gas-phase vibrational relaxation effects, radiation of energy
through the motor case, and inelastic acceleration of combus-
tion products leaving the propellant surface (flow turning).
The primary source of oscillatory energy considered to date
has been the response of the propellant combustion zone to
acoustic pressure and acoustic velocity oscillations (termed
pressure and velocity coupling, respectively). Other sources of
energy include the combustion of incompletely reacted prod-
ucts in the chamber, distributed combustion of metal droplets
in the gas phase, and conversion of mean flow energy to
acoustic energy due to vortex shedding. The determination
(both by theoretical predictions and experimental measure-
ments) of the various energy sources and sinks in a combus-
tion chamber is critical to our ability to predict, a priori, the
stability characteristics of proposed solid rocket designs.

The objective of our research project was to seek an under-
standing of the physical mechanisms by which energy is
exchanged between the mean and acoustic flowfields in reso-
nant combustion chambers; specifically, vortex shedding and
the so-called flow-turning effect. The present paper will detail
efforts, to date, to develop the computational ability to ad-
dress such problems and will report progress made toward the
understanding of acoustic refraction. Energy exchange through
flow turning and vortex shedding will be the subject of future
studies.

Flow Turning
The term flow turning describes the loss of acoustic energy

accompanying the flow of combustion products inward
through the lateral boundary of a combustion chamber con-
taining longitudinal acoustic waves. The mean flow of solid
propellant combustion products entering normal to the surface
must turn to the axial direction parallel to the boundary;
simultaneously, each fluid element of the mean flow must
acquire acoustic energy. It is this second process, involving the
irreversible action of the unsteady field in the chamber on the
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Fig. 1 (a) Schematic of downstream sound propagation and (b)
schematic of upstream sound propagation.

entering flow, that has been hypothesized to be a loss of
energy for the existing acoustic field. This energy loss is often
referred to as flow-turning loss because turning of the mean
flow is necessarily involved. However, it is really a rate of
energy loss, proportional to the velocity of the incoming flow
perpendicular to the boundary.

The modeling of flow turning involves multidimensional,
rotational, and viscous flow effects on widely varying distance
scales. These effects only increase the difficulty of modeling
this problem due to difficulties in both analytical and numeri-
cal procedures. Lack of a basic fundamental theory of mean
flow-acoustic interactions has resulted in disagreement among
researchers1'2 about a very basic point; namely, is flow turn-
ing a surface effect, volume effect, or both? The experimental
measurement of this acoustic energy loss mechanism is dif-
ficult since this effect usually appears in conjunction with
other gain and loss mechanisms and cannot be isolated. An
experimental investigation of the flow-turning losses associ-
ated with the injection of steady lateral flow of cold air into a
rectangular duct containing longitudinal acoustic waves was
conducted by Hersh.3 This experiment was designed to simu-
late injection of hot combustion products into a combustion
chamber. The results indicated that the flow-turning process
absorbs sound (i.e., damping of acoustic energy). A one-
dimensional model developed by Hersh seriously underpre-
dicted the measured acoustic energy losses. Hersh speculated4

that in addition to the flow-turning absorption, there is another
energy absorption mechanism related to acoustic refraction.
Due to refraction by the mean flow velocity gradients, the
sound pressure near the side wall increases, thereby enhancing
the acoustic energy absorption by the finite admittance walls.

Acoustic Refraction
When sound waves propagate in a moving medium (i.e.,

with a coexisting mean flow), the main physical processes
affecting their propagation, in the absence of viscosity and
thermal conduction, are convection and refraction. The sound
is convected by the moving medium at its local velocity. In the
presence of a sheared mean flow, local convection velocities
are a function of position. This results in excitation of pres-
sure gradients in the radial direction, which, in turn, results in
the excitation of radial velocities. Thus, for the case of flow in
a rigid tube, when the sound wave travels with the mean flow
(downstream), the effect of velocity gradients is to refract the
sound toward the wall. When the sound propagates against
the mean flow (upstream), the effect of radial velocity gradient
is to refract the sound toward the centerline. Schematics of
downstream and upstream sound propagation are shown in
Figs, la and Ib, respectively.
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Fig. 2 Effect of flow gradient on the plane-wave acoustic pressure
distribution across a rectangular duct for KL = 20.

Previous research efforts to model and understand acoustic
refraction phenomenon utilized linearized models.5"8 It is
possible that very important second-order nonlinear effects
are excluded. For fully developed duct flow, the combined
linearized continuity and momentum equations yield.

dx2 3y2

2M d2p
C0 dx dt

dM dV
dx2p°c° dy (1)

where u, v, p, and p are the acoustic excitations of axial
velocity, normal velocity, pressure, and density. V is the mean
velocity in the duct, and M= V/cQ. The last term on the
right-hand side yields the effect of refraction.

The first linear analysis to consider the effect of shear flow
on the propagation and attenuation of sound in a hard wall
duct was restricted to downstream propagation only.5 The
study showed that the pressure distribution of an initially
plane wave was significantly distorted. The acoustic pressure
at the wall was calculated to be 90 dB larger than the pressure
at the centerline. The study also indicated that acoustic refrac-
tion increases with mean flow Mach number and with the
frequency of the oscillations. In succeeding studies,6'8 the
linearized treatment was extended to treat sound propagation
upstream in an infinitely long rigid duct as well as the effect of
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varying shear layer thickness. Some of the results obtained6

are shown in Fig. 2 for the case of a constant velocity gradient
across the duct. E is the centerline Mach number, K is the
wave number in the axial direction, L is the duct half-width,
and Y is the distance from the duct wall. It is shown that for
upstream sound propagation in a duct with a centerline Mach
number of 0.1, the centerline acoustic pressure was 40 dB
larger than the acoustic pressure at the wall. When the wave
propagated downstream, the pressure level at the wall was 36
dB larger than the pressure at the centerline. The study also
showed that all the various perturbation techniques yield
virtually the same results. Linear analysis results5'6 indicated
that for a mean flow with a one-seventh power law distribu-
tion and centerline Mach numbers in the range of 0.05 through
0.10 (typical centerline Mach numbers in solid motor cham-
bers), the acoustic pressure amplitude near the propellant
surface may be twice as high as the acoustic pressure ampli-
tude at centerline. Although nonlinear effects can be expected
to reduce significantly the actual refractive enhancement of
the near wall pressure, these results indicate that acoustic
refraction, which has been virtually ignored in solid rocket
stability analyses, may actually have quite important effects.
This results from the fact that both the steady and transient
response of the burning solid propellant are dependent on the
amplitude of the pressure and velocity oscillations near the
burning surface.

An experiment to measure acoustic refraction effects is
currently in progress.9 In this experiment, air is blown through
a long rigid tube in which a plane wave is excited at the inlet.
The mass flux through the tube is varied, resulting in a
centerline Mach number variation from 0.038 to 0.10. The
results, to date, indicate that the acoustic pressure is amplified
near the pipe wall; the degree of amplification increases with
Mach number. With a centerline Mach number of 0.1 (Re =
2.7 X 105), the measurements indicate a near wall acoustic
pressure amplification of 40%. Such an increase in acoustic
pressure amplitude may be critical for motor stability analysis.
The discrepancy between the linear theory and the experimen-
tal data may possibly result from nonlinear mean flow-acous-
tic field interactions, which will tend to damp acoustic pres-
sure growth near the walls; processes that are not modeled by
the linear analysis.

Numerical Solution
Under the current research program, two two-dimensional

axisymmetric Navier-Stokes solvers were acquired and mod-
ified for the investigation of acoustic refraction. The first was
the MINT implicit code. The code solves the compressible
Reynolds-averaged Navier-Stokes equations using an efficient,
noniterative, time-dependent linearized block implicit (LBI)

scheme.10 12 The governing equations are written in cylin-
drical polar coordinates as follows:

dt r dr
-,

H (2)

where

/
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The dependent variables for this system of equations are
U(p,pu,pv,pe). Sutherland's viscosity equation and the
equation of state and Prandtl number (Pr) are specified to
close this system of equations. The current model utilizes
either a turbulent kinetic energy- algebraic length scale (k — /)
model13 or a transport turbulence (A: - e) model.14 The latter
includes modifications15 that allow the k-c model to be
utilized throughout the entire viscous sublayer without any
wall function assumptions. The resulting code was verified by
comparing the predictions to experimental data16 for flat plate
boundary-layer flows with and without wall transpiration. For
a complete description of the equations solved and the turbu-
lence models used, see Ref. 15.

The first explicit code was developed by Shang17"19 for
solving time-dependent, compressible Navier-Stokes equa-
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tions. The k — c model is utilized in this algorithm. The code
utilizes the MacCormack explicit and unsplit scheme20 as the
numerical solution procedure. The algorithm allows variation
of the Courant-Friedrichs-Lewy (CFL) number in the range of
0.15 to 0.85. The calculations were performed using a CFL
number of 0.5 (in which case the calculation of CFL number
is based on the smallest size grid). For the present investiga-
tion, a no-slip boundary condition is applied to the outer duct
wall and a symmetric boundary condition applied to the duct
centerline.

Another explicit code considered was VNAP-2.21'22 The
code employs the unsplit MacCormack scheme to compute
the flow at the interior grid points. The governing equations
are solved in nonconservative form. Boundary surfaces are
calculated using a second-order accurate reference-plane char-
acteristic scheme, combined with a nonreflective formulation
of the boundary conditions to be described later.

Boundary Condition Treatment
The linear analysis study just described demonstrated the

importance of having a single family of traveling acoustic
waves in the system, traveling either upstream or downstream.
While waves traveling downstream will channel acoustic en-
ergy toward the wall, waves traveling upstream will channel
energy toward the centerline. Thus, it is obvious that the study
of acoustic energy redistribution due to refraction is enor-
mously simplified when only one family of waves exists in the
system at any time. This conclusion holds for both the experi-
mental and computational investigations. In Hersh's experi-
ment, a special muffler was installed at a large distance
downstream of the test section to prevent reflection from the
end of the tube. In the computational investigation, an effort
was made to develop nonreflective boundary conditions to
avoid this problem.

The system of governing equations for subsonic flow is
classified as an incomplete parabolic type, a mixed initial
value-boundary value problem.23 For two-dimensional sub-
sonic flows, this problem requires four inflow boundary condi-
tions and three outflow boundary conditions. However, in the
limit when the characteristic Reynolds number approaches
infinity, the governing equations degenerate into the Euler
equations, in which case the system becomes the quasi-linear
hyperbolic type and the necessary boundary conditions con-
sist of three on the inflow boundary and one at the outflow
boundary.24

The fundamental problem in treating subsonic outflow
boundary conditions is that information about the flow out-
side the computational domain (i.e., downstream of the exit
plane) is required in order to properly calculate the flow at the
exit plane. In an attempt to avoid the creation of nonphysical
boundary conditions, several approximations have been devel-
oped. An assumption frequently used is that at a distance
sufficiently far downstream, the flow is essentially inviscid,
and thus it is possible to use the far-field condition of a
hyperbolic system of equations.25'26 Another assumption often
used is an approximation of the outgoing characteristic vari-
able by extrapolation.27 This type of low-order extrapolation
seems to produce instabilities in the flow. A method to resolve
this problem was suggested by Boris et al.28 The solution
utilizes guard cells outside the computational domain; cells
that transmit information to the exit plane on the conditions
downstream of the exit. This formula incorporates a zero-order
approximation and a slow local relaxation toward the known
ambient value at a distance far downstream.

Several types of nonreflecting boundary conditions were
tested with the explicit and the implicit codes. The test case
consisted of perturbing a fully developed turbulent pipe flow
(one-seventh power law describing the mean flow, Re — \.\ X
105) with a plane acoustic wave originating at either side of
the tube. Due to the strongly viscous nature of the flow, all the
models that are based on assuming essentially inviscid flow

failed. The results of this study indicated the complexities of
the proper imposition of boundary conditions that do not
result in the generation of physically erroneous results.

As just indicated, three boundary conditions have to be
specified at the upstream boundary. To test the reflective
quality of the proposed boundary conditions, upstream travel-
ing pulses were generated at the downstream boundary. When
the density (p) and the axial and radial components of the
velocity (u and v, respectively) were specified, and the zero-
order approximation is used for the pressure, the wave re-
flected in a "like" manner, i.e., the compression wave was
reflected as a compression wave of identical magnitude, and
the expansion wave was reflected as an expansion wave,
simulating a "hard wall" type of reflection, as shown in Fig. 3.
Examination of the boundary conditions imposed indicates
that by specifying a constant axial inlet velocity, the perturbed
(i.e., acoustic) velocity component u' equals zero. By imposing
dp/dx = 0 on the upstream boundary condition (where x is
the axial direction), the implied boundary condition on the
perturbed component of the pressure is dp'/dx = 0. These
two conditions combined (i.e., u' = 0, dp'/dx = 0) describe
an acoustic boundary condition for a hard wall in complete
agreement with the computational results. When the pressure
( p ) , radial velocity (v), and temperature (T) are imposed on
the upstream boundary, the reflection is of an unlike manner
(i.e., a compressive traveling wave is reflected as a traveling
expansion wave and vice versa), as shown in Fig. 4. Analysis
of this boundary condition indicates that by holding the
pressure constant, the acoustic boundary condition is set to
p' = 0. If we use a zero-order extrapolation for the axial
velocity, the imposed acoustic boundary condition is du'/dx
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= 0. This combination describes acoustic reflection from an
open end of a tube (i.e., a pressure node at the exit), for which
the known solution is identical to the results obtained with the
numerical code.

A third type of boundary condition at the head end specifies
the total pressure (PT), total temperature (7^), and the angle
of the inlet flow. This boundary condition results in a reflec-
tion that is almost identical to the reflection obtained by
specifying />, y, and T (Fig. 4). Since these tests were con-
ducted at low Mach numbers, p is virtually identical to PT. In
addition, although PT is held constant and not p, the varia-
tion observed in the inlet Mach number was insignificant,
resulting in an almost constant static pressure. Since this type
of boundary condition reduces effectively to the previously
discussed boundary conditions (i.e., specifying j?, y, and T),
the similarity of the results should be of no surprise.

Two different types of nonreflective boundary conditions
were shown21 to yield virtually no reflections. They include
specifying v and imposing the nonreflecting boundary condi-
tion25 on the axial velocity, and specifying v and imposing the
nonreflecting boundary condition on p. These results, how-
ever, were obtained for plane waves simulating a one-dimen-
sional flow problem. When applied to a sheared two-dimen-
sional mean flow, reflections were significantly diminished in
amplitude but not eliminated. Another interesting scheme22

combines the nonreflecting boundary condition with the refer-
ence plane characteristic scheme (both for the inflow and
outflow planes). It is believed that this scheme may further
reduce reflections, but will not eliminate them completely.

The discussion just presented describes numerical results
obtained for reflection from the inflow plane. A similar
numerical experiment was conducted to investigate reflection
from the out-flow plane. A downstream traveling compression
wave generated at the upstream boundary was reflected as an
expansion wave with approximately half the amplitude, as
shown in Fig. 5. This may indicate a splitting of the traveling
compression wave into a compression wave exiting the com-
putational domain and an expansion wave reflecting into the
domain.

Due to the time limitations, it was decided to discontinue
the investigation of nonreflecting boundary conditions for low
Mach number sheared flows. The problem of reflecting
boundary conditions can be circumvented for the investiga-
tion of acoustic refraction. For this investigation, it is possible
to generate a steady-state flowfield in the tube and then
generate a traveling wave at one end of the tube and integrate
the solution until the wavefront starts reflecting from the other
end.

Numerical Results
The process of choosing a numerical technique which is

most suitable for the solution of a given problem involves the
comparison of results obtained using the techniques for the
solution of other fluid dynamics problems for which solutions
are known; ease of implementation for the current problem of
interest; numerical accuracy, computational time, etc. The
candidate finite-difference integration schemes were examined
(based on these criteria) for a test case of fully developed
turbulent pipe flow, with an initial velocity profile described
by a one-seventh power law, a centerline inlet Mach number
of 0.1, and /?e = l.lx!05. Uniform mesh distribution was
employed in the axial direction, while an exponential stretch-
ing scheme was utilized in the radial direction to position a
fine mesh near the wall. The implicit solution obtained by the
MINT code converged to a steady solution (for a 60 X 60
mesh) in about 150 time steps, compared to about 100,000
time steps with the explicit codes tested, while employing an
even finer mesh distribution near the tube wall. When using
identical grids, the code requires less than 10% of the compu-
tational time required by the explicit codes to reach steady-
state solution. In addition, with the very fine resolution near
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the wall, the solution obtained at the wall using Shang's
scheme was less accurate than the solution obtained with the
implicit code. Finally, the time-dependent solutions obtained
for these test cases utilizing the MINT were correct. Based on
the criteria just discussed, the implicit MINT code was dem-
onstrated, at least for the present application, to be superior
to the other codes considered, and thus it was utilized in our
research effort.

The study of acoustic refraction utilizes a tube with a radius
of 0.0508 m (two in.) and a length of approximately three
acoustic wavelengths (for any frequency studied). The compu-
tational grid consisted of 80 points distributed uniformly in
the axial direction and 60 points in the radial direction, with
fine mesh resolution near the wall and exponentially stretched
mesh toward the centerline. The temperature and the axial
and radial components of the velocity are specified at the inlet
plane, while constant static pressure was specified at the
outflow plane. The pressure at the inlet plane and axial
velocity, temperature and radial velocity were extrapolated at
the exit plane using a second-order approximation. The calcu-
lation is initiated with a one-seventh power law velocity
profile at the inlet plane. After convergence to steady state,
the pressure and axial velocities at the upstream boundary are
perturbed continuously to produce a system of downstream
traveling waves in the computational domain. The amplitude
of the pressure oscillations was 4% of the mean pressure. Due
to the previously demonstrated inadequacy of all currently
available nonreflective models for low Mach number sheared
flows, the solution was terminated when the front of the initial
wave started reflecting from the downstream boundary.

The first test case was conducted at a frequency of 6000 Hz
and centerline Mach number equal to 0.1. The time evolution
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of the radial distribution of acoustic pressure is shown in Fig.
6. The initial plane wave was distorted rapidly as the wave
propagated downstream. After 600 time steps, when the solu-
tion was terminated, the amplitude of the acoustic pressure at
the wall was 39.5% larger than at centerline. It is interesting to
notice that initially (7=200 and 7=300), the amplitude of
the acoustic pressure at approximately two-third radial dis-
tance away from the wall was lower than the amplitude at the
centerline. This distortion disappeared at later times when the
amplitude of the acoustic pressure increased continuously
from the centerline to the wall. The corresponding time evolu-
tion of the radial distribution of the axial acoustic velocity is
shown in Fig. 7. The initial plane wave was distorted in time.
After 600 time steps, the amplitude of axial velocity oscilla-
tions near the wall was 31% larger than at centerline. It should
be noticed that the amplitude of both pressure and velocity
oscillations was reduced in time as the wave propagated
downstream, indicating a decrease of acoustic energy con-
tained in the wave. Acoustic energy dissipation may result due
to either physical processes or erroneous numerical dissipation
(i.e., artificial viscosity effects and accumulative truncation
error resulting from the temporal first-order accuracy of the
scheme). Investigation of acoustic energy dissipation demon-
strated that erroneous numerical dissipation was significantly
lower than acoustic energy loss due to physical processes.

Upstream propagation of plane acoustic waves in the pres-
ence of a sheared mean flow was investigated by continuously
perturbing the pressure and axial velocity at the downstream
boundary to produce an upstream traveling wave. After prop-
agating upstream for 600 time steps, the solution (shown in
Fig. 8) indicated that the acoustic pressure amplitude at
centerline was 54% larger than at the wall. Similarly, the
acoustic axial velocity amplitude at the centerline (Fig. 9) was
30% larger than at the wall. For acoustic wave propagation
downstream at 3000 Hz, the amplitude of acoustic pressure
oscillations near the wall was 6.4% larger than at centerline,
while for acoustic wave propagation upstream, the acoustic
pressure amplitude at the wall was 8% lower than at centerline
(Fig. 10), demonstrating, again, stronger acoustic refraction
effects for upstream sound propagation than for downstream
propagation. Further reduction of the frequency resulted in
even smaller acoustic refraction effects. Finally, refraction
dependence on centerline Mach number was investigated by
increasing the centerline Mach number from 0.1 to 0.3. With a
3000 Hz frequency of oscillations and for downstream propa-
gation, the acoustic pressure amplitude near the wall was 17%
larger than at centerline (Fig. 11), significantly larger than the
6.4% acoustic pressure increase predicted for the 0.1 Mach
number test.

The results presented so far were obtained on the Air Force
Weapons Laboratory Cray 1-S computer. Many of these

calculations were repeated on the more powerful Naval Re-
search Laboratory Cray X-MP/24 computer. The repeat
calculations were conducted with approximately twice as many
mesh points per wave length; a larger total number of points
in the axial direction (currently about 250, for a length of five
acoustic wave cycles, for any frequency studied) that, in turn,
enabled integration over more wave cycles before the compu-
tation was terminated (currently up to six wave cycles); more
points in the radial direction (currently approximately 120)
and a better distribution of mesh points next to the wall (the
first mesh was a distance of 2.5 jam from the wall); and finally,
to help overcome the first-order accuracy of the MINT code,
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Fig. 12 Radial distribution of acoustic pressure, / = 1000 Hz, Z = 1.32 m. a) t = 4.77 ms; b) t = 5.32 ms; c) expanded view, t = 4.75 ms; and d)
expanded view, t = 5.24 ms.
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Fig. 13 Radial distribution of axial acoustic velocity, / = 1000 Hz, Z = 1.32 m. a) t = 4.75 ms; b) t = 4.96 ms; c) t = 5.03 ms; and d) t = 5.24 ms.

twice as many time steps per wave cycle are utilized (300 time
steps compared to 150 previously). A partially vectorized
version of the MINT code was used that was both faster
(approximately 3.8 times faster) than the scalar code and, due
to improved code architecture, required less storage for the
identical grid size. The repeated calculations on the Cray
X-MP computer resulted in pressure and axial acoustic veloc-
ity values that were not significantly different (within a few
percent) from the results obtained on the Cray 1-S computer.
This observation does not imply that artificial numerical dis-
sipation (which depends on both spatial and temporal resolu-
tion) had been completely eliminated. Nevertheless, it suggests
that numerical dissipation constitutes only an insignificant
part of the total acoustic energy dissipated as the wave
traverses the length of the computational domain.

The new calculations enabled enhanced resolution of the
acoustic boundary layer and better simulation of energy ex-
change processes within the acoustic boundary layer. Several
processes have been observed. Due to space and time limita-
tions, only a few of these will be highlighted. Discussion of
other results and further analysis of the results emphasized
here will be deferred to future publications.

Figures 12 and 13 show radial distributions of acoustic
pressure and axial acoustic velocity at an axial station located
1.32 m downstream from the left boundary, for the complete
radius of the tube, and for a narrow zone near the wall. This
solution was obtained for a traveling wave frequency of 1000

Hz. The radial distance is nondimensionalized by the radius
(0.05 m), with the origin at the centerline. Figures 12a and 12b
show the radial distribution of acoustic pressure at t = 4.72
ms and t = 5.32 ms, when the acoustic wave is near its
maximum and minimum, respectively, at this location. Notice
that acoustic pressure variation across the tube is relatively
small, as the maximum acoustic pressure refraction for a
downstream propagating wave at 1000 Hz was shown previ-
ously to be less than 1%. The increase of acoustic pressure
across the acoustic boundary layer (approximately 150 /im at
this time) that results from acoustic refraction is demonstrated
in the expanded views for both the wave maxima (Fig. 12c)
and minima (Fig. 12d).

Figure 13 describes the transition of the axial acoustic
velocity from a positive value (downstream directed) to a
negative value (upstream directed). At t = 4.75 ms (Fig. 13a),
the acoustic wave just started decaying from its maximum
value. Notice the overshoot of acoustic axial velocity at the
edge of the acoustic boundary layer (Richardson's annular
effect). At a later time, as the amplitudes of the acoustic
pressure and axial velocities are decreasing, a further decrease
is observed near the wall (within the acoustic boundary layer).
This phenomenon is further enhanced at t = 4.96 ms (Fig.
13b), at which time the axial acoustic velocity near the wall
becomes negative. At t = 5.03 ms (Fig. 13c), the acoustic
pressure across the tube is still completely positive, while the
axial acoustic velocity is positive everywhere, except near the
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Fig. 14 Radial distribution of root-mean-
squared acoustic pressure and axial acoustic
velocity, / = 1000 Hz, Z = 0.515 m.
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wall. At this time, the thickness of the newly formed acoustic
boundary layer is only 68 /im. Simultaneously, with the for-
mation of a new acoustic boundary layer near the wall (with a
negative velocity sign), the previous acoustic boundary layer
(with a positive sign and its own overshoot) is propagating
further into the core flow, with a thickness of approximately
250 jitm (at t = 5.03 ms). The acoustic pressure and axial
acoustic velocity become negative only at t — 5.05 ms.
Richardson's annular effect is demonstrated again at / = 5.24
ms (Fig. 13d), when the wave is near its minimum.

Another phenomenon observed is the time variation of the
acoustic boundary-layer thickness. A new boundary layer is
formed near the wall whenever the wave changes its sign.
Boundary-layer thickness grows in time to a maximum value
of 250 jLtm, at the next sign change.

To correlate the results obtained with results available in
the literature,29-30 results that are typically in the form of rms
values, a computation of the acoustic values obtained at 1000
Hz was performed. A typical result is shown at an axial
station located 0.515 m downstream of the left boundary.
Figure 14 shows the near wall radial distribution of the
acoustic pressure and the axial acoustic velocity. The axial
acoustic velocity figure demonstrates Richardson's annular
effect. The rms-calculated value for the acoustic boundary-
layer thickness is approximately 180 jum, in good agreement
with experimental data29'30 and approximate analysis predic-
tions.31 The rms-calculated acoustic boundary-layer thickness
decreased from 180 /im at 1000 Hz to 120 jim at 6000 Hz, in
agreement with experimental trends.30 In this connection, it
should be mentioned that, to the best of our knowledge, these
are the first solutions demonstrating either Richardson's an-
nular effect or refraction effects that were obtained via a
solution of the complete Navier-Stokes equations.

As noted in the introduction, it was expected that part of
the acoustic energy of the waveform would be converted to
mean flow energy. Thus, a planar wave introduced at the left
boundary should exhibit increasingly larger mean pressure
and axial velocity shifts as the wave propagated downstream.
Only small mean pressure or axial velocity shifts are observed
close to the left boundary, and the axial acoustic velocity and
the acoustic pressure are in phase. The situation changes as
the wave propagates downstream. The mean pressure at axial
station 155 (Fig. 15a) is shifted by approximately 0.25% and
the mean axial velocity by 0.2%. The phase shift between these
quantities is significant. While these mean shift values seem
small, they represent a transfer of 9.1% of the initial acoustic

energy to the mean flow energy. In general, the mean pressure
shift increases with distance from the inlet and remains con-
stant across the tube cross section at a given axial location.
The mean axial velocity shift increases both with distance
from the inlet and with distance from the centerline. The
radial increase becomes significant only within the acoustic
boundary layer. At a distance of 60 jam from the wall, the
mean velocity shift increases to 0.32%. Finally, at a distance of
17/1 m from the wall, the mean velocity is shifted by approxi-
mately 0.57% (Fig. 15b), implying that approximately 18% of
the initial acoustic energy in this location has been converted
to mean flow energy. It is of interest to note that inside the
acoustic boundary layer, the phase differences between the
axial acoustic velocity and the acoustic pressure increase
toward the wall. At the wall, the axial acoustic velocity leads
the acoustic pressure by approximately 30-45 deg (in agree-
ment with linear analysis31).

Acoustic energy losses can occur due to either viscous
dissipation or acoustic energy transfer to mean flow energy.
The separation of these losses requires the separation of
acoustic properties (those that propagate with the local sound
speed) from properties that are convected by the mean flow.
The separation of these properties in a flow that involves
multidimensional rotational and viscous flow effects has never
before been extensively studied or resolved. The most im-
portant question, namely the exact definition of acoustic en-
ergy in a rotational viscous flow, has been the subject of very
recent research investigations.32 Since the objective of this
paper is to present several preliminary results, leaving the
calculation of acoustic energy dissipation and conversion to
mean flow energy for future reports, it was decided to mini-
mize here any discussion of acoustic energy. Notwithstanding,
the simultaneous significant increases of both axial acoustic
velocity and acoustic pressure amplitudes near the wall (for
downstream propagation) with respect to the corresponding
values at centerline (or the opposite trend for upstream propa-
gation) indicate a significant change in the radial distribution
of acoustic energy as the wave traverses the tube length.
Perturbation-energy calculations (i.e., energy calculation based
on perturbed properties) indeed demonstrated redistribution
of energy. However, the calculated values combine the acous-
tic energy redistribution due to acoustic refraction and mean
flow energy excitation at the edge of the acoustic boundary
layer due to streaming effects. Separation of the perturbed
energy into acoustic and excited means flow energies will be
performed in the future.
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Fig. 15 Time evolution of acoustic pressure and
axial acoustic velocity. /= 1000 Hz: a) Z =
1.321 m. centerline; b) Z = 1.321 m. distance to
wall =
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Conclusions
The development of a computational methodology to in-

vestigate acoustic energy exchange between the mean and
acoustic flowfields through such physical phenomena as acous-
tic refraction, flow turning and vortex shedding is reported in
this paper. Extensive testing of three explicit and implicit
Navier-Stokes solvers demonstrated the superiority of the
implicit MINT code for the present application. Results ob-
tained with the MINT code demonstrated its ability to handle
grid-size ratios of 10000:1, converge to a steady-state solution
in less than 200 time steps, and obtain time-accurate solutions
for time-dependent wave propagation in the tube.

An extensive study was conducted to determine the state of
the art in modeling of nonreflective boundary conditions for
subsonic sheared flows. The investigation demonstrated that
all models result in significant reflections for two-dimensional
subsonic waves. Thus, it was decided to study the time evolu-
tion of acoustic refraction as the traveling wave traverses the
length of the chamber and terminate the solution once the
wavefront starts reflecting from the downstream boundary.

The results obtained in the acoustic refraction study indi-
cate that acoustic refraction effects 1) increase with frequency;
2) increase with Mach number; 3) are higher for upstream
wave propagation than for downstream wave propagation;
and 4) are significantly lower than predicted by the linear
theory. The excitation of mean flow at the edge of the acoustic
boundary layer, a phenomenon better known as Richardson's
annular effect, has been demonstrated. The magnitude of the
overshoot at the edge of the acoustic boundary layer and the
boundary-layer thickness changed in time during the wave
cycle and changed with frequency. In addition, the results
obtained demonstrated acoustic streaming effects, specifically
mean pressure and axial velocity shifts. The mean pressure
shift increased with downstream propagation along the tube
and was approximately constant at any axial cross section.
The mean axial velocity shift increased with distance from the
left boundary and increased significantly within the acoustic
boundary layer.

Complex flow phenomena were observed to occur as the
acoustic field at a given location transitions from positive
acoustic pressure and axial acoustic velocity to negative val-
ues, or from a radial acoustic velocity directed toward the wall
(positive) to a radial velocity directed toward the centerline
(negative velocity). It was shown that the radial acoustic
velocity leads the acoustic pressure and axial acoustic velocity
by 90 deg and that near the wall the axial acoustic velocity
leads the acoustic pressure by approximately 30 deg.

Perturbation-energy calculations demonstrated redistribu-
tion of energy. The calculated values combine the acoustic
energy redistribution due to acoustic refraction and mean flow
energy excitation at the edge of the acoustic boundary layer
due to streaming effects. Separation of the perturbed energy
into acoustic and excited mean flow energies will be per-
formed in the future.

Based on the results obtained in this study and the experi-
mental results obtained by Hersh, it appears that refraction
effects that have not been previously considered in solid motor
stability analyses should be incorporated in the models. It
appears that this mechanism has a potential to enhance both
the acoustic pressure and axial acoustic velocity near the
propellant surface, and thus, it may have a significant effect
on the propellant transient burn rate.
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